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325. 


NOTE ON A THEOREM RELATING TO A TRIANGLE, LINE, AND 
CONIC. 


[From the Philosophical Magazine, vol. xxv. (1863), pp. 181—183.] 


I FIND, among my papers headed “Generalization of a Theorem of Steiner’s,” an 
investigation leading to the following theorem, viz.: 


Consider a triangle, a line, and a conic; with each vertex of the triangle join the 
point of intersection of the line with the polar of the same vertex in regard to the 
conic; in order that the three joining lines may meet in a point, the line must be 
a tangent to a curve of the third class; if, however, the conic break up into a pair 
of lines, or in a certain other case, the curve of the third class will break up into 
a point, and a conic inscribed in the triangle. 


Let the equations of the sides of the triangle be 


z=0, y=0, z=0, 
the equation of the conic 


(a, b, c, f, g, hýæ, y, z¥=0, 
and that of the line 


s+ py +vz2=0; 

then the polar of the vertex (y=0, z=0) has for its equation 
ax+hy+gz=0; 

it therefore meets the line Aw + wy +vz=0 in the point 


“2:y:z=hv—gp : gy—av : ap— hà, 
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and the equation of the line joining this point with the vertex (y=0, z=0) is 
(au — hà) y =(għ—av)z. The equations of the three joining lines therefore are 

(ap — hN) y = (Jù — av) z, 

(bv — fu) z = (hu — bN) a, 

(ch — gu) æ =(fv — cp) y, 


lines which will meet in a point if 


(ap — hd) (bv — fu) (^ — gu) — (gr— av) (hu — N) (fv — cu) =0, 

or, multiplying out and putting as usual 

K =abc — af? — bg? — ch? +2fgh, 

A=be —f?, &e., 
if 

2 (abe — fgh) Aww l 

+ aGpr? + aDp rv ge 

HOGA + DYA : 

+ chr? + cGy | 


that is, the line must touch a curve of the third class. 


If this equation break up into factors, the form must be 
(a + Bu t+ yv)(Apv + B+ Crp) = 0; 
that is, we must have 
Aa+BB+Cy =2(abe — fgh), 
Ba=bH, Ca =cG, 
CB=c§, AB=ah, 
Ay=aG, By =b§; 


and the last six equations give without difficulty 


oa a=7 G9, 
1 

B=, B=7 98, 
1 

d= 1=7 86, 


where k is arbitrary; the first equation then gives 


aGH LHF 0O _ ki : 
7 t+ ets 2 (abe — fgh) ; 
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or, reducing by the equations GH=%AF+akK, &c., this is 
P es ; 
Aa = Bb+ Co—2ahe+ 2fgh+ (E+ e+ 5) K=05 
which, substituting for A, B, © their values, becomes 


2 b2 Cc? 
K(i stot g)=0 
Hence if K =0, that is, if the conic break up into a pair of lines, or if 


a P e 
1l+=4+=+-—=90, 
+E+GtH 


in either case the equation of the curve of the third class becomes 
a. fa 3 (¢ b c ) 
z+ t+ <)lepvt art orp) =0; 
totg) Gu to™*5™ 
that is, the curve breaks up into a point, and a conic inscribed in the triangle. 


In the case where the conic breaks up into a pair of lines, then we have 


(a, b, c, fg, hha, y, z} =2 (pe + qytrz) (pae+qyt+rz), 


and thence 


(A, B, © F, ©, Hoe, y, z} =-— {qr -—q'r) a+ (rp —r'p)y + (pd -— PO 2}; 


-so that the equation in (A, p, v) is 
Kar — qr) r+ (rp — r'p) w+ (py — PQ) r) 


{pp (qr — qr) py + aq (rø -r p) + rr’ (pd — pg) wv} = 0 


where the point represented by the equation 
(qr —q'r) + (rp —1'p) w+ (pd — p'g) v=0 


is, of course, the intersection of the two lines. 
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